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1 Introduction

The Brazilian proposal involves attribution of warming to historical emissions. To the extent
that the causal chain involves linear relations, such attribution can be made through partitioning
successive responses in proportion to their forcing. However when non-linear relations are
involved a degree of arbitrariness is introduced. Several different approaches have been used.
This note compares some of the main cases.

2 Formalisms

The issue of non-linearity arises most strongly in the radiative forcing of CO2. In this case, the
question is, given an excess CO2 concentration Q(t) = C(t)�C(0), partitioned among a group
of sources as Q(t) =

P
j Qj(t), what is the appropriate way of expressing the radiative forcing

F (t) = �(Q(t)), as a sum F (t) =
P

j Fj(t), given that the function �(:) is non-linear.
The main proposals have been:

A: Proportional The simplest approach is to partition the forcing in proportion to the instan-
taneous partitioning of the concentrations. (used by RIVM?)

Fj(t) = F (t)�Qj(t)=Q(t) (2:1)

B: Marginal
Fj(t) = F (t)� �(

X
k 6=j

Qk(t)) (2:2)

(used by various groups in SBSTA assessment), similar to the concept used in the IPCC
Special report on Aviation and the Global Atmosphere.

C: Scaled marginal As for marginal but scale proportionally so that contributions add up to
correct total.

Fj =
F (t)� [F (t)� �(

P
k 6=j Qk(t))]P

j[F (t)� �(
P

k 6=j Qk(t))]
(2:3)

D: Differential Suggested by Enting [2].

d

dt
Fj =

@�

@Q

dQj

dt
(2:4a)

where the partial derivative is evaluated at Q(t). Thus

Fj =
Z t

0

@�

@Q

dQj

dt0
dt0 (2:4b)

or, using the IPCC parameterisation for CO2:

Fj =
Z t

0

5:35

280 +Q(t0)

dQj

dt0
dt0 (2:4c)
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E: Time-sliced This was suggested by Enting and Law [4]. The aim is to have a partitioning
of forcing that is consistent with considering emissions over only part of the historical
period. What is required is to define F (t; t0) as the forcing at time t due to emissions
prior to time t0. (From this, one has forcing at time t due to emissions after time t0 given
by F (t; t)� F (t; t0).) One then wants to be able to define Fj(t; t

0) as the jth contribution
to F (t; t0) so that

F (t; t0) =
X
j

Fj(t; t
0) (2:5)

This is achieved by defining Q(t; t0) and Qj(t; t
0) as the concentration (and its jth com-

ponent) at time t due to emissions prior to time t 0. This is given (for linear responses)
by

Q(t; t0) =
Z t0

0

R(t� t00)E(t00) dt00 (2:6a)

and

Qj(t; t
0) =

Z t0

0

R(t� t00)Ej(t
00) dt00 (2:6b)

This is used to define F (t; t0) through

F (t; t0) =
Z t0

0

@�

@Q

@Q(t; t00)

@t00
dt00 (2:7a)

and

Fj(t; t
0) =

Z t0

0

@�

@Q

@Qj(t; t
00)

@t00
dt00 (2:7b)

In each case, @�=@Q is evaluated at Q(t; t00). The analysis simplifies because (for linear
dependence of concentrations on emissions)

@Q(t; t00)

@t00
= R(t� t00)E(t00) (2:8a)

and
@Qj(t; t

00)

@t00
= R(t� t00)Ej(t

00) (2:8b)

Therefore, for a single fixed value of t, (2.8a,b) can be substituted in (2.7a,b) respectively
and these equations can be integrated over t00. No double integration is required. One has:

F (t; t0) =
Z t0

0

@�

@Q
R(t� t00)E(t00) dt00 (2:9a)

and

Fj(t; t
0) =

Z t0

0

@�

@Q
R(t� t00)Ej(t

00) dt00 (2:9b)

or, using the IPCC parameterisation for CO2:

Fj(t; t
0) =

Z t0

0

5:35

280 +Q(t; t00)
R(t� t00)Ej(t

00) dt00 (2:9c)

However, as well as integrating (2.7a.b) it is necessary to integrate (2.8a) to obtain the
values of Q(t; t00) to use in evaluating the partial derivative (as indicated explicitly in
(2.9c)). This approach would seem to be related to adjoint methods of sensitivity analysis
but the precise connections have not been analysed.
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3 Cases

The other steps in the sequence from emissions to warming are:

Q(t) =
Z t

0

R(t� t0)E(t0) dt0 (3:1a)

partitioned as

Qj(t) =
Z t

0

R(t� t0)Ej(t
0) dt0 (3:1b)

Following Wigley [7] (see also [5]), if

R(t) =
X
k

ak exp(��kt) (3:2a)

then convolutions such as (3.1a) are evaluated as

Q(t) =
Z t

0

R(t� t0)E(t0) dt0 =
X
k

Xk(t) (3:2b)

where the Xk(t) are obtained by integrating the differential equations:

d

dt
Xk(t) = akE(t)� �kXk(t) (3:2c)

Radiative forcing, F (t) calculated by the IPCC non-linear parameterisation and partitioned
according to the various ‘recipes’ described in Section 2.

Warming expressed as

T (t) =
Z t

0

W (t� t0)F (t0) dt0 (3:3a)

partitioned as

Tj(t) =
Z t

0

W (t� t0)Fj(t
0) dt0 (3:3b)

again, integrated using the formalism of (3.2a,b,c).
(see Enting and Trudinger [5] for further details).

Emissions The two cases considered are:
(a) a 13-group partitioning for 1890-1990 from the EDGAR-HYDE 1.3 data set, with
emissions linearly back-extrapolated to go to zero in 1800; and
(b). a 4-group partitioning 1890-2100 from EDGAR-HYDE 1.4 combined with the SRES
‘A2 marker’ scenario (again back-extrapolated to 1800).

CO2 conc Using (3.1a,b) with the Bern ‘INIT’ response [6, Table 9.4], integrated according to
the formalism of (3.2a,b,c).

Forcing The various cases described by (2,1), (2.2), (2.3), (2.4b) and (2.9b).

Temperature This uses (3.3a,b) with the RIVM 2-exponential parameterisation of the CSIRO
GCM [1, Table 1]. This case is chosen because degree of dependence of warming on the
growth rate of forcing is larger than for most other models [3].

3



(a) CO2

1900 2000 2100
0

50

100

150

200

250

300

(b) R.F., proportional

1900 2000 2100
0

1

2

3

4

(c) R.F., time-slice

1900 2000 2100
0

1

2

3

4

(d) CO2 pulses

1900 2000 2100
0

20

40

60

80

100

120

(e) R.F. pulses

1900 2000 2100
0

1

2

3

4

(f) R.F., differential

1900 2000 2100
0

1

2

3

4

Figure 1: Scematic illustration of differences in formalisms for attribution of non-linear rela-
tions between CO2 concentration and forcing. (a) CO2 concentrations for 4 groups emitting over
non-overlapping 25-year periods; (b) radiative forcing where total (F = �(Q) is partitioned in
proportion to attribution of concentration; (c) time-slice formalism: the boundary between each
group is defined by applying the function �(:) to the corresponding boundaries in part (a); (d)
the starting point for the differential form: pulses of CO2 from each group (these sum to give
the cumulative form shown in part (a)); (e) radiative forcing attributed to these pulses: changes
in the Qj are scaled in proportion to d�=dQ, where Q is the total perturbation; (f) differential
partitioning; the summed attribution from part 9e)
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A B C D E
Canada 2.23 1.97 2.19 2.22 2.21
USA 23.00 20.91 23.28 23.17 23.03
Latin Amer. 9.12 8.16 9.08 9.24 9.18
Africa 7.10 6.34 7.06 7.08 7.13
OECD Europe 16.60 14.98 16.67 16.78 16.64
Eastern Europe 4.00 3.56 3.96 3.95 3.96
CIS 9.68 8.67 9.64 9.32 9.48
Mid. East 2.10 1.86 2.08 2.03 2.09
India regn. 7.35 6.75 7.31 7.44 7.44
China regn. 11.12 9.97 11.10 11.11 11.20
East Asia 3.64 3.24 3.61 3.61 3.65
Oceania 1.00 0.89 0.99 0.99 1.00
Japan 3.07 2.73 3.04 2.94 3.00
% attributed 100.00 89.85 100.00 99.88 100.00

Table 1: Attribution (as percentages of total) of radiative forcing from total CO2 for 1990.
DISCLAIMER: These are preliminary results, for the purposes of illustration and discussion
of techniques. In particular they are based on crude low-order numerical schemes.

4 Results

Tables 1 and 2 give the percentage attribution for the radiative forcing from total CO2 and the
warming from total CO2 emissions, for 1990 in each case. For case B, the failure to attribute
100% of the forcing (and consequently of the warming) is inherent in the definition. Conversely,
the 100% attribution for case C is a direct consequence of normalising the attribution to achieve
this result. For other cases, the departures from 100% attribution reflect the limits of the numer-
ical integration used here. For case A, the percentage attribution of the forcing is, by definition,
the same as the percentage attribution of the concentrations.

These calculations are repeated for the years 2050 and 2100 using the ‘A2 marker’ emissions
scenario, but considering only fossil CO2. The results for radiative forcing and warming are
shown in Tables 3 and 4 respectively.

5 Conclusions

Apart from the marginal attribution (without scaling) the differences are relatively small over the
20th century. The ‘redistribution’ of forcing generally corresponds to amounts of 0.2% or less
of the total forcing, with a range of nearly 0.4% for the CIS group. However, as proportions
of the groups’ respective attribution, the range is much greater with, of course, the greatest
proportional differences in the percentage attributed arising in those groups whose percentage
attributed is smallest. The proportional ranges will, of course, be even greater for individual
nations within groups if such nation’s time history of emissions differs from the group mean.
The ranges of attribution of warming are generally smaller than the ranges of attribution of
forcing.
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A B C D E
Canada 2.24 2.03 2.21 2.23 2.23
USA 24.20 22.47 24.44 24.25 24.18
Latin Amer. 9.76 8.95 9.73 9.84 9.82
Africa 6.98 6.38 6.94 6.98 7.00
OECD Europe 17.71 16.36 17.78 17.82 17.77
Eastern Europe 3.87 3.52 3.84 3.82 3.82
CIS 8.06 7.34 8.03 7.78 7.84
Mid. East 1.73 1.57 1.71 1.69 1.72
India regn. 7.71 7.06 7.67 7.80 7.80
China regn. 10.96 10.00 10.87 10.95 11.01
East Asia 3.44 3.14 3.41 3.43 3.45
Oceania 0.94 0.85 0.93 0.93 0.93
Japan 2.47 2.23 2.44 2.37 2.41
% attributed 100.00 91.91 100.00 99.90 100.00

Table 2: Attribution (as percentages of total) of warming in 1990 from total CO2. DIS-
CLAIMER: These are preliminary results, for the purposes of illustration and discussion of
techniques. In particular they are based on crude low-order numerical schemes.

A B C D E

2050 . . . . .
OECD90 34.63 28.96 35.15 36.20 35.70
REF 10.95 8.68 10.53 11.35 11.22
Asia 29.90 24.72 30.01 28.28 28.90
Africa/Lat. Am. 24.52 20.03 24.31 23.94 24.18
% attributed 100.0 82.38 100.0 99.78 100.0

2100 . . . . .
OECD90 29.76 23.02 29.87 32.02 31.39
REF 9.71 7.10 9.21 10.28 10.11
Asia 33.63 26.33 34.14 31.53 32.28
Africa/Lat. Am. 26.90 20.65 26.78 25.84 26.23
% attributed 100.0 77.11 100.0 99.67 .

Table 3: Attribution (as percentages of total) of radiative forcingin 2050 and 2100 from fossil
CO2 according to the ‘A2 marker ’ scenario. DISCLAIMER: These are preliminary results, for
the purposes of illustration and discussion of techniques. In particular they are based on crude
low-order numerical schemes.
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A B C D E

2050 . . . . .
OECD90 37.89 32.99 38.51 39.13 38.88.
REF 11.75 9.72 11.38 12.02 11.97
Asia 26.83 22.72 26.80 25.55 25.91
Africa/Lat. Am. 25.34 19.86 23.32 23.10 23.24
% attributed 100.0 85.30 100.0 99.80 .

2100 . . . . .
OECD90 31.30 24.74 31.48 33.32 32.90
REF 10.02 7.74 9.53 10.52 10.41
Asia 32.39 25.43 32.84 30.50 31.03
Africa/Lat. Am. 26.29 20.33 26.15 25.40 25.65
% attributed 100.0 77.97 100.0 99.74 100.0

Table 4: Attribution (as percentages of total) of warming in 2050 and 2100 from fossil CO2

according to the ‘A2 marker ’ scenario. DISCLAIMER: These are preliminary results, for
the purposes of illustration and discussion of techniques. In particular they are based on crude
low-order numerical schemes.
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Appendix: Numerics

The numerical scheme used for these exploratory calculations was a forward Euler scheme with
a time step of one year. For time indexed by year n:

� the emissions, E(n), refer to the calender year, n and are taken as constant through the
year.

� the concentration perturbations, Q(n), are taken as referring to the end of the year, as are
the forcing and the warming.

The response functions for concentration perturbations are based on integrating (3.2c) as

Xk(n + 1) = Xk(n) + �t[E(n + 1)ak � �kXk(n)]

and the analogous case for warming as:

Xk(n+ 1) = Xk(n) + �t[ak(F (n+ 1) + F (n))=2� �kXk(n)]
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